
IEEE SIGNAL PROCESSING MAGAZINE   [124]   SEPTEMBER 2010 1053-5888/10/$26.00©2010IEEE

[dsp TIPS&TRICKS]
Clay S. Turner

T
his article presents a com-
putationally fast algorithm 
for computing logarithms. 
The algorithm is particular-
ly well suited for implemen-

tation using fixed-point processors.

BACKGROUND
Long before the technological age, in 
1427, the Persian mathematician and 
astronomer al Kashi presented an algo-
rithm for efficient integral exponentia-
t ion via  repeated squaring and 
multiplying [1]. Al Kashi’s method now 
sees much use in modern cryptographic 
systems where its efficiency with respect 
to very large numbers is paramount. 
Related but not as well known as al 
Kashi’s method is an algorithm for find-
ing binary logarithms via repeated 
squaring and dividing. Performing these 
operations in a radix two-number for-
mat reduces the divisions to binary 
shifts, thus making the algorithm ame-
nable to fixed-point implementations on 
low-complexity microprocessors and 
field-programmable gate arrays.

THE LOGARITHM ALGORITHM
Now that we have revealed the two main 
types of computations for finding the 
binary logarithm, let’s go through our 

algorithm’s mathematical development. 
To start, we simply desire to find

 y 5  log2 1x 2 .  (1)

Thus we can invert this and find

 x 5  2y. (2)

Since the iterative part of our log algo-
rithm assumes x is in 1 # x , 2, we 
may need to “normalize” x. This nor-
malization is performed by a simple 
succession of divides/multiplies by two. 
These divides/multiplies by two may be 
efficiently effected by binary shifts. The 
count of the divides/multiplies gives 
the characteristic of our logarithm 
result. This will be added to the man-
tissa (calculated below) to form the 
complete logarithm. The number of 
divides is taken as a positive number 
and the number of multiplies is taken 
as a negative number.

Now with x properly scaled, then we 
know from (1) that 0 # y , 1. So let’s 
expand y into a binary series, thus

 y 5 y1
# 221 1 y2

# 222 1 y3
# 223

 1 y4
# 224 1 ...  . (3)

It will be efficacious to put this into nest-
ed parenthetical form

 y 5 221 1 y1 1 221 1 y2 1 221

 3 1y31 221 1 y4 1 ... 2222 . (4)

So putting (4) into (2) we have

 x 5 22211 y112211 y212211 y312211 y41...2222. (5)

Now we are ready to see how to sequen-
tially extract the bits comprising y. 

Step 1: Square x as

 x 2 5 2y1 # 22211 y212211 y312211 y41...222. (6)

We see the right-hand side of (6) is a 
product of two factors, where the left fac-
tor is equal to either one or two depend-
ing on the value of y1. Thus we have the 
following two cases:

 y1 5 0:    x 2 522211y212211 y312211 y41...222

 (7)

or

 y1 51:    x 2 52 # 22211 y212211 y312211 y41...222.
 (8)

Since both (7) and (8) contain the com-
mon factor 22211 y212211 y312211 y41...222, and 
this factor will have a value that is great-
er than or equal to one and less than 
two, we see the square of x will the great-
er than or equal to two if and only if 
y1 5  1, otherwise y1 5  0.

Step 2: Compare the result of squar-
ing and if x2 is greater than or equal to 
two, then set mantissa bit to “1” and 
divide x2 by two. Otherwise set mantissa 
bit to “0” and leave x2 unchanged.

So now at the end of step 2, we have

 x2 5 22211 y212211 y312211 y41...222. (9)

Realizing that x2 is just a number, we see 
that (9) has the exact same form as (5). 
Thus we can repeat Steps 1 and 2 to 
extract the remaining bits in y.

After the prerequisite number of bits 
in the mantissa is obtained, then simply 
add the characteristic to the mantissa. If 
we require a logarithm having a radix 
other than two, then we may employ the 
following property of logarithms

 loga 1x2 5
log2 1x 2

log2 1a 2
, (10)

where the division by log2 1a2  is imple-
mented as a multiplication by the fixed 
value 1/log2 1a2 .
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We list the binary logarithm algo-
rithm’s steps as follows:

Initialize result to 0: 1) y 5 0.
Initialize mantissa-bit decimal 2) 

value to 0.5: b 5 1/2.
While 3) x , 1, x 5 2x, y 5 y 2 1.
While 4) x $ 2, x 5 x/2, y 5 y 1 1.
Go to Step 3 and repeat until 5) 

1 # x , 2.
Square: 6) x 5 x # x. 
If 7) x $ 2, x 5 x/2, y 5 y 1 b.

Scale for next bit: 8) b 5 b/2.
Go to Step 6 and repeat until 9) 

desired number of mantissa bits are 
found.
10) Final log 1x2 value: y. 
A “C” program, and MATLAB code, 

demonstrating the algorithm are avail-
able for download at http://www. 
signalprocessingsociety.org/publications/
periodicals/spm/columns-resources-
archive/2010-columns-resources/#tips.
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